We consider forms of Chern-Simons type associated to homogeneous pseudoRiemannian structures. The corresponding secondary classes are a measure of the lack of a homogeneous pseudo-Riemannian space to be locally symmetric. In the present paper, we compute these forms for the oscillator group and the corresponding secondary classes of the compact quotients of this group.
In the present paper, we calculate the forms of pseudo-Riemannian homogeneity on the oscillator group equipped with the above-mentioned leftinvariant metrics. Further, we obtain the corresponding secondary classes of the compact quotients of this group. If g is a Lorentzian metric (k = 1), we say that S is a homogeneous Lorentzian structure. In [3] , we proved that if (M, g) is connected, simply connected, and geodesically complete, then it admits a homogeneous pseudo-Riemannian structure if and only if it is a reductive homogeneous pseudo-Riemannian manifold. This result extends the well-known characterization of Ambrose and Singer [1] of homogeneous connected, simply connected, and complete Riemannian manifolds in terms of homogeneous Riemannian structures. 
Chern-Simons
where
We consider the bundle of pseudo-orthonormal frames p :
Let Ω be the curvature form of a connection ω in ᏻ k,n−k (M). Then, for each f r , r = 1,...,n, there exists a unique closed 2r -form υ r on M such that p 
and since tr Ω = 0, we have, after computation,
If we consider here the Levi-Civita connection ∇ and the linear connection ∇ = ∇−S with connection form ω and curvature form Ω, where S is a homogeneous pseudo-Riemannian structure on (M, g), the general equation (2.2) can be written in this case as
If s r (Ω) = s r ( Ω), then Q(ω, ω) is closed, thus determining a secondary class. In particular, if r = 2 or 3, then this happens if tr(Ω r ) = tr( Ω r ). We denote by The case r = 1 in (2.7) is trivial. For r = 2, one has the formula
where σ = ω − ω. One can obtain similar formulas for any r with 2r ≤ dim M.
We have the following proposition. Proof. The proof follows immediately from (2.3).
Forms Q S
3 on the oscillator group. The (4-dimensional) oscillator group is the simply connected Lie group Os with Lie algebra os = P,X,Y ,Q having nonzero brackets
3.1. The metrics g ε , ε ≠ 0. We first endow Os with the family of left-invariant Lorentzian metrics given at os by
Let {η, α, β, ξ} denote the basis dual to {P, X, Y, Q}. Integrating Ambrose-Singer's equations (2.1), we obtain (see [4] ) the family of homogeneous Lorentzian structures corresponding to (Os,g ε ):
We have
Assuming that
we can write
Then, after some calculations from (2.8), we obtain the following proposition. 
(3.7)
The metric g 0 . This time we endow Os with the left-invariant Lorentzian metric
Then, integration of Ambrose-Singer's equations (2.1) gives us six families of homogeneous Lorentzian structures for (Os,g 0 ) [2] :
(3.10)
(3.11)
(3.13)
(3.14)
and for the first family (3.9), we get . However, for the other five families of homogeneous Lorentzian structures, the corresponding matrices ω and Ω give
and we have the following proposition. Os,
(3.18)
Classes [Q S
3 ] of the compact quotients of Os. Now, we determine the secondary classes [Q S 3 ] of the compact quotients of the oscillator group. For this, we first note that given a left-invariant form α on a Lie group G, then it is invariant under the action of a discrete subgroup Γ of G, so that there exists a form α on the quotient Γ \G such that π * ( α) = α, where π denotes the natural projection π : G → Γ \G. In the sequel, we will denote by α such a projected form of a left-invariant form α on G onto a compact quotient Γ \G. If g is a left-invariant metric on G, then it projects to a metric g on Γ \G such that the map π : (G, g) → (Γ \G, g) is a local pseudo-Riemannian isometry. Moreover, the Levi-Civita connection ∇ projects to the Levi-Civita connection ∇ on Γ \G and each homogeneous pseudo-Riemannian structure S projects to a homogeneous pseudo-Riemannian structure S on Γ \G, where Γ is a uniform discrete subgroup of G. 
